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We show that the scaling dimensions of lowest operators in conformal field theories (CFTs) can
be isolated in small and closed regions from single correlator bootstrap. We find the conserved
currents play crucial roles in bootstrapping the crossing equation. By imposing a mild gap between
the scaling dimensions of the conserved current and its next operator, the scaling dimensions of
lowest operators are forced to lie in small isolated regions, i.e., these CFTs can be almost fixed
by few lowest operators in certain channels. For CFTs with extended supersymmetry, the single
correlator crossing equation involves several conserved or shorted operators and by imposing gaps in
these sectors it is possible to isolate different CFTs. Specifically, we bootstrap the isolated regions
corresponding to the 3D Ising model, O(N) vector model, N = 1, 2 supersymmetric Ising models
by introducing mild gaps in certain sectors with conserved or shorted operators.
I. INTRODUCTION
The conformal bootstrap [1, 2] which aims to solve the
conformal field theories (CFTs) using general consistency
conditions, has been revived to study CFTs in higher di-
mensions (D > 2) since the seminal work [3]. The con-
sistency conditions employed in conformal bootstrap are
unitarity and the crossing symmetry of four point correla-
tors. Rigorous bounds on CFT data, including the oper-
ator scaling dimensions and operator product expansion
(OPE) coefficients, can be obtained by bootstrapping a
single correlation function. The most striking results are
obtained from mixed correlators in Ising model andO(N)
vector models in D = 3, 5 [4, 5], in which the scaling
dimensions of lowest scalars can be isolated into small
islands. The isolated regions shrink notably with higher
order of derivatives and they may converge to unique so-
lutions of specific CFTs.
The key to obtain isolated regions from conformal
bootstrap is to find the dynamical constraints besides
the general consistency conditions so that one can carve
out the targeted CFT. By bootstrapping single correla-
tor, one normally get general bounds on CFT data in-
stead of closed regions, and the conventional wisdom is
that the mixed correlators are needed on this purpose,
from which we can get access to more channels and im-
pose stronger constraints on the spectra. For the 3D
Ising model (O(N) vector models), it shows in [4, 5] that
the isolated regions can be generated by requiring only
one relevant Z2 odd scalar and Z2 even scalar (only one
relevant scalar in both O(N) vector representations and
O(N) singlets). Nevertheless, for general CFTs, the con-
straints for isolated regions are usually not so straight-
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forward. In 5D, the interacting fixed point with O(N)
symmetry locates below the free theory and it needs to
introduce more delicate constraints to obtain isolated re-
gions [6]. For the supersymmetric CFTs (SCFTs), like
3D supersymmetric Ising model, it gets even more diffi-
cult to obtain isolated regions since the fermionic opera-
tors play important roles and one may need to bootstrap
the mixed correlators with fermions and bosons to fix
these SCFTs uniquely. There is another barrier to ap-
ply the mixed correlator bootstrap on many interesting
SCFTs: for SCFTs with extended supersymmetry, the
mixed correlators contain intricate structures and it is
difficult to calculate the superconformal block functions
of mixed correlators. Some famous examples are the 3D
N = 6, 8 SCFTs and 4D N = 2, 4 SCFTs, which ad-
mit fascinating analytical properties and play important
roles in AdS/CFT. It would be remarkable if the spectra
of these SCFTs can be uniquely determined from confor-
mal bootstrap. However, for these SCFTs, the supercon-
formal partial wave expansions of mixed correlators are
generically unknown.
In this work, we study the constraints to obtain iso-
lated sets of solutions on CFT data from conformal boot-
strap. Our results suggest that the sufficient conditions
are actually concealed in the single correlator. This con-
clusion is different from our previous experiences in nu-
merical conformal bootstrap, however, it agrees with re-
cent results from the analytical bootstrap [7–10], in which
the perturbative expansions of the CFT data correspond-
ing to the Wilson-Fisher (WF) fixed point can be ob-
tained from the consistency conditions of single correla-
tor. The authors imposed certain constraints implicitly
to isolate the WF fixed point from other CFTs. The
constraints are hidden in their constructions of higher
dimensional operators like O2n,ℓ based on the fundamen-
tal operator φ:
O2n,ℓ ∼ φ∂
2n(∂µ)
ℓφ. (1)
2FIG. 1. Upper bound on the scaling dimension ∆J′ of the
second spin 1 operator J ′ with maximum number of derivative
Λ = 17. Here we only require an operator Jµ saturating
the unitary bound while no gap is imposed in the spectra.
The (∆φi ,∆φ2
i
) is fixed at the bound obtained from single
correlator bootstrap with Λ = 23.
The numerical conformal bootstrap is not sensitive to
the specific constructions of the higher dimensional op-
erators, instead, above constructions are corresponding
to the gaps between two successive operators in numeri-
cal conformal bootstrap. Results obtained from analyti-
cal conformal bootstrap approaches suggest that one can
obtain sufficient conditions, at least for WF fixed points,
to uniquely determine the specific CFT from single corre-
lator. However, in numerical conformal bootstrap, we do
not have a systematical control on the spectra construc-
tion. It turns into subtle on how to impose gaps between
certain operators. Moreover, the gaps should be guided
by the preliminary results from conformal bootstrap.
Interestingly the conserved currents (stress tensor or
global symmetry current) and spectra near the unitary
bound play critical roles to bootstrap the crossing equa-
tion. Applying the constraints that there is a stress ten-
sor Tµν (or conserved global symmetry current Jµ instead
if the theory has global symmetry) and a mild gap for
next spin 2 operator T ′µν (or next spin 1 operator J
′
µ), we
are able to isolate the scaling dimensions of lowest scalar
operators in a small closed region. Besides, we will show
that if the crossing equation contains extra channels, the
spectra near unitary bounds in these channels can also
play important roles to bootstrap the crossing equation.
Let us start from the 3D O(3) vector model with funda-
mental representation φi.
1 For this model, the spectra in
spin 1 sector is crucial to generate isolated regions. The
theory admits global O(3) symmetry and correspond-
ingly, there is a spin 1 O(3) conserved current Jµij(x)
which appears as the lowest operator (∆J = 2) in the
antisymmetric channel A− of the φi × φj OPE:
φi × φj ∼
∑
S+
δijO +
∑
T+
O(ij) +
∑
A−
O[ij], (2)
where the S+, T+, A− denote the O(N) singlet, symmet-
ric and antisymmetric representations, respectively. As
shown in [11], from the crossing equation of four point
function 〈φi(x1)φj(x2)φk(x3)φl(x4)〉 one can get a rig-
orous upper bound (Bound I) of the dimension of first
O(3) singlet scalar φ2i [11]. By bootstrapping the same
crossing equation with the only requirement that there is
a spin 1 operator (Jµ) in A− channel saturated the uni-
tary bound, we obtain a rigorous upper bound (Figure
1) on the scaling dimension ∆J′ of next spin 1 operator
Jµij
′
. To obtain the bound in Figure 1, we set (∆φi ,∆φ2
i
)
close to the Bound I. The bound on ∆J′ shows a dras-
tic transition near the O(3) fixed point ∆φi ≃ 0.519 :
the upper bound has a sharp peak ∆J′ > 4 in the range
∆φi ∈ (0.513, 0.52), while away from the O(3) fixed point
it decreases rapidly. A similar pike-like upper bound on
the second O(N) singlet scalar ǫ′ can also be obtained
with constraint ∆J′ > 3.2. The upper bound peaks near
the O(3) fixed point with ∆ǫ′ ∼ 3.8. Similar transition
has been observed in [12] for the 3D Ising model in the
spin 2 sector. While for CFTs with global symmetry, it
is the global symmetry conserved current instead of the
stress tensor becomes crucial near the fixed point. The
pike-like bound for 3D Ising model has been shown in
[4] for the upper bound on the scaling dimension of next
Z2 odd operator ∆ǫ′ by bootstrapping the mixed corre-
lators, which is the key to obtain isolated region for the
scaling dimensions of the lowest Z2 odd and even oper-
ators (∆σ,∆ǫ). Similarly, by assuming there is only one
relevant O(N) singlet scalar and a mild gap ∆J′ > 3.5,
2
the scaling dimensions (∆φi ,∆φ2
i
) are limited in a small
island.
We have shown that for non-supersymmetric CFTs,
constraints from spectra near the unitary bound in cer-
tain sectors are strong enough to generate isolated re-
gions of the CFT data. It is interesting to apply this
method to SCFTs which contain more channels in the
crossing equation. The spectra near the unitary bounds
in these channels also have important effects on solving
1 This model has been studied in detail in [11] and its isolated
region has been obtained in [5]
2 We can also adopt the gap ∆J′ > 3, i.e., there is only one relevant
spin 1 operator. However, by choosing ∆J′ > 3.5, which is also
expected to be physical from Figure 1, the bootstrap process
gives better estimations on the CFT data.
3FIG. 2. Archipelago of the 3D CFTs. From the lower left
to the upper right, the isolated regions (islands or segment)
are corresponding to the 3D Ising model, O(3) vector model,
N = 1 supersymmetric Ising model, Wess-Zumino model and
the 3D analogy of 4D N = 1 minimal SCFT.
the crossing equation. We consider the supersymmetric
generalizations of 3D Ising model both with two (N = 1)
and four supercharges (N = 2). The 3D Ising model,
together with its generalizations with global symmetry
and supersymmetry, provide an interesting laboratory for
conformal bootstrap. Identification of these CFTs would
be a preliminary attempt of the rather ambitious aim of
conformal bootstrap on classifying the CFT landscape.
We show the “archipelago” of 3D CFTs in Figure 2.
Constraints for these isolated regions are provided in Ta-
ble 1. Islands related to the 3D Ising model and O(3)
vector model are similar to the seminal results in [4, 5],
in which the islands are obtained by bootstrapping mixed
correlators. In the following parts we will explain the de-
tails on the SCFTs presented in Figure 2.
3D N = 1 Supersymmetric Ising Model: The
3D N = 1 supersymmetric Ising model actually
shares the same bootstrap equation with the non-
supersymmetric case: due to the Z2 symmetry, there
is always only one component in any supermultiplet
Ψ = ψ + χθ + ϕθ2 that may appear in the OPE of
two scalars φ × φ ∼ Ψ [13]. For this reason one can-
not get specific information on 3D N = 1 supersym-
metric Ising model by bootstrapping the correlators of
scalars directly. To resolve this problem, one can boot-
strap the correlators with fermions [14] and the super-
Scalar Spin 1 Spin 2 non-BPS Λ
Ising 3 NA S+4.5 NA 13
O(3) 3 S+3.5 UB NA 13
N=1 Ising 3.7 NA S+3.4 NA 30
WZ 3 S+3.5 UB UB 15
SCFT III 4 S+3.2 UB S+4 25
TABLE I. Constraints on the global symmetric invariant
scalar, spin 1 and spin 2 sectors imposed in Figure 2. Numbers
in the “Scalar” column give the lower bound on the scaling
dimension of next scalar in this sector. “S+x” denotes there
is an operator O saturates the unitary bound and the scaling
dimension of next operator O′ is not smaller than x. “UB”
indicates unitary bound and “NA” means there is no such
sector in the crossing equation. The maximum derivatives
are given in the column Λ.
symmetry appears at the IR fixed point emergently; or
alternatively, one can introduce constraints on the spec-
tra to bootstrap the four point correlator of the lowest Z2
odd scalar σ: 〈σ(x1)σ(x2)σ(x3)σ(x4)〉 [13]. Specifically
we apply the constraint ∆σ2 = ∆σ + 1 obtained from
supersymmetry and equation of motion. By introducing
extra gaps shown in Table I , we obtain a closed interval
for ∆σ ∈ (0.571, 0.586).
3D Wess-Zumino Model: The 3D N = 2 su-
perconformal bootstrap is more illustrative. The N = 2
extended supersymmetry introduces several channels in
the Φ×Φ OPE. The operators in these channels perform
differently near the unitary bounds, which may relate to
different kinks. Based on this property, by applying suit-
able constraints we are able to isolate multiple islands
from the same crossing equation.
The supersymmetric Ising model with four super-
charges (N = 2) is made of a chiral multiplet Φ =
φ+θψ+ · · · , where the components φ and ψ are complex
scalar and Dirac fermions. 3DN = 2 SCFTs with a chiral
multiplet Φ have been studied in [15] by bootstrapping
the single correlator 〈ΦΦ†ΦΦ†〉. Details on the supercon-
formal partial wave expansion of this four point correlator
and its crossing equation are provided in [15]. The OPE
in the ΦΦ channel contains non-vanishing U(1)R charge
and is important for our next analysis
Φ× Φ ∼ Φ2 +
∑
ℓ=2,4,···
Q¯Oℓ + Q¯
2O∗ +
∑
O
Q¯2O, (3)
where Φ2 is chiral and Q¯α˙O
α˙···
ℓ = 0. The anti-chiral term
O∗ appears in the Φ×Φ OPE for theories in D < 4 while
decouples in 4D N = 1 SCFTs [17, 18]. The last term
contains non-protected operators O with unitary bound
∆O > |2∆Φ − 2|+ ℓ+ 2. (4)
Upper bound on ∆ΦΦ† can be obtained through boot-
strapping the four-point function 〈ΦΦ†ΦΦ†〉, and it
4FIG. 3. OPE coefficients (λ2) of the operator Φ2 (green)
and the first scalar OS in the non-BPS channel (yellow). λΦ2
vanishes near the Wess-Zumino point and the SCFT III. Be-
sides, there is a jump in λΦ2 at ∆Φ = 3/4. λOS shows a clear
kink near SCFT III and more importantly, it is non-vanishing.
The coefficients are estimated with Λ = 21.
shows three apparent kinks [15]. The first kink is ex-
pected to correspond to the Wess-Zumino model and the
third kink is the 3D analogy of the 4D minimal SCFT
firstly observed in [17], while it is still unclear if the sec-
ond kink relates to an interacting and unitary SCFT. It
is quite interesting to isolate and uniquely determine the
putative CFTs with few mild assumptions on the spec-
trum in certain sectors.
It is shown in Figure 3 that the OPE coefficient λΦ2
(Φ × Φ ∼ λΦ2Φ
2) vanishes near the Wess-Zumino point
and SCFT III, which indicates the chiral ring condi-
tion Φ2 = 0 [15, 19]. Besides, similar to the non-
supersymmetric Ising model, we apply the constraint
that there is only one relevant Z2 even superconformal
primary operator. For the 3D N=2 SCFTs, the stress
tensor is not a superconformal primary operator, instead,
it is a superdescendent of superconformal multiplet Jµ.
The lowest component of Jµ is the spin 1 U(1)R sym-
metry current. In the bootstrap conditions, we require
there is such an operator that saturates the spin 1 unitary
bound and there is a gap for next spin 1 superconformal
primary operator J ′µ: ∆J′ > 3.5. The isolated island
in Figure 2 shows the scaling dimensions (∆Φ,∆ΦΦ¯) =
(0.6678(13), 1.903(10)) with maximum derivative Λ = 15,
which relates to the 3D Wess-Zumino model – the N = 2
supersymmetric generalization of the 3D Ising model.
The 3D Wess-Zumino model contains a single chiral
superfield Φ = φ + θψ + · · · with cubic superpotential
W = λΦ3. The Lagrangian in terms of the components
is
LWZ = ∂µφ¯∂
µφ+ iψ¯ /∂ψ + λ2(φφ†)2 +
(λφψαǫ
αβψβ + c.c.). (5)
FIG. 4. Shadowed region gives the upper bound of scal-
ing dimension ∆ΦΦ† obtained from single correlator bootstrap
(Λ = 11) without assuming any gap in the spectrum. Red line
gives the unitary bound of scalars in the non-BPS channel:
∆ > |2∆Φ − 2| + 2. The purple line is the scaling dimension
∆OS obtained from EFM.
The cubic superpotential introduces a chiral ring condi-
tion Φ2 = 0, consistent with the results from supercon-
formal bootstrap. The chiral superfield Φ has R-charge
RΦ =
2
3 , and its scaling dimension ∆Φ is fixed by the
U(1)R charge
∆Φ = |RΦ|. (6)
The scaling dimension of the operator ΦΦ† has been
estimated based on the 4 − ǫ expansion up to the or-
der O(ǫ3) [20–22]. Using Pade´ extrapolation it gives
∆ΦΦ† ≃ 1.909 [22]. The point (2/3, 1.909) just locates
in the island “Wess-Zumino” in Figure 2. Taking higher
order of derivatives Λ = 29, the island shrinks signifi-
cantly. The specific slice with ∆Φ = 2/3 gives a tight
range ∆ΦΦ† ∈ (1.9073, 1.9093).
SCFT III: The third kink in the upper bound
on ∆ΦΦ† is more subtle. Apparently only the constraints
used for the first kink is not sufficient and we need extra
condition in the bootstrap setup. Actually it corresponds
to the spectra in the non-BPS channel in the Φ×Φ OPE.
In Figure 4 we show the evolution of the scaling dimen-
sion ∆O of operator O (purple line), which is the first
scalar in the non-BPS channel in (3). The scaling dimen-
sion ∆O is estimated using extremal functional method
(EFM) [25], and it hits the unitary bound on non-BPS
channel at the point related to SCFT III. Its OPE coeffi-
5cient λO (Φ× Φ ∼ λOO) is still non-vanishing as shown
in the Figure 3. Therefore this operator does not decou-
ple from the theory. The island suggests a new SCFT
with a short multiplet O saturating the unitary bound
on non-BPS channel. Similar property also holds for the
4D minimal SCFT [23]. Likewise, to obtain better esti-
mation on the CFT data of SCFT III, we introduce the
constraints in the non-BPS sector of Φ × Φ channel: i,
there is an operator OS saturates the unitary bound, i.e.,
∆OS = |2∆Φ− 2|+2; ii, there is a gap between ∆OS and
the next scalar in this sector O′. Interestingly, with these
extra constraints the third kink can be further limited to
a small island, as shown in Figure 2. Without the satu-
ration condition, the isolated region disappears even by
assuming that the scaling dimension of the first scalar in
the non-BPS channel is slightly above unitary bound.
The CFTs we isolated above are already shown as
kinks in the bounds of scaling dimensions of certain op-
erators.3 In general one would expect the appearance of
kink reflects certain irregular behaviors of the spectra,
like certain lower spectrum becomes null or hits the uni-
tary bound, and decouple from the theory on one side of
the kink, which makes the spectra evolving discontinu-
ously across the kink. By introducing saturation condi-
tion and gaps in the spectra, we are able to capture the
traits of the kinks and provide stronger constraints on
the CFT data.
In principal one expects to obtain better estimation
on the CFT data with more constraints. However, it is
quite surprising that these few mild assumptions on the
spectra, especially the saturation condition from stress
tensor or conserved global symmetry current, can lead to
a small isolated set of solutions of the crossing equation.
Optimistically the set of isolated solutions is expected
to converge to a point which gives the exact CFT data.
In this sense, our results suggest such kind of CFTs are
actually uniquely determined by its few lowest operators.
Moreover, as shown in the examples on 3DN = 2 SCFTs,
with N = 2 supersymmetry we have both BPS and non-
BPS channels in the crossing equation. Besides the well-
known Wess-Zumino model, a putative SCFT appears
when the unitary bound in non-BPS channel is saturated
by an operator.
Previously the 3D Ising model (or 3D/5D O(N) vector
models) is isolated by imposing gaps in both Z2 even and
odd sectors (O(N) singlet and vector representations).
To get access to the Z2 odd (O(N) vector) sector, one
has to work with mixed correlators. Here we show that
the conditions for isolated solutions can be realized in
single correlator, which is simpler and also quite general.
3 The 3D N = 1 supersymmetric Ising model is slightly different.
It does not relate to any kink in the bound from single scalar
correlator bootstrap. In this case an extra constraint ∆φ2 =
∆φ + 1 is needed to obtain a closed range of ∆φ.
Since the calculation load for single correlator bootstrap
is much less than that with mixed correlators, we expect
our method can provide precise estimation on the CFT
data, especially for the 3D O(N) vector models [5, 24].
The gaps on scaling dimensions introduced in the boot-
strap conditions are important for the efficiency in esti-
mating CFT data. It would be helpful if we can find a
way to optimize the gaps.
The examples on 3D N = 2 SCFTs suggest a likely
connection between the “kink” CFTs and the spectra
near the unitary bound in certain channels. This pu-
tative connection needs to be tested by the CFTs with
more channels in the crossing equation. In particular,
this scenario could be quite interesting for SCFTs with
extended supersymmetry, which contain various kinds of
BPS sectors as well independent structures in the cross-
ing equations. They have been studied using confor-
mal bootstrap, such as the 3D N = 8 SCFTs [26], 4D
N = 2 and N = 4 SCFTs [27, 28] as well as the 6D (2, 0)
SCFTs [29] which have no classical Lagrangian descrip-
tion. Hopefully we can carve out more constrained space
on these SCFTs, which may be classified based on their
spectra near certain channels in the crossing equation.
We can also test this possible connection by bootstrap-
ping the single correlator of spinning operators. Spinning
operator bootstrap has been done for 3D fermions [14, 30]
and 3D conserved global symmetry currents [31]. Four
point correlators with spinning operators include many
independent tensor structures. One may expect the spec-
tra near the unitary bounds in different channels relate
to different CFTs, and by imposing assumptions on the
spectra near the unitary bound in certain channels, we
may get access to the relevant CFTs.
We have shown that the lowest spectra in the stress
tensor or conserved global symmetry current sector are
powerful in carving out the CFT space, and it is expected
to be helpful to study/classify more complex and abun-
dant CFTs. However, it is quite puzzle why these spec-
tra are so useful in conformal bootstrap when combined
with crossing symmetry and unitarity. It would be very
important to understand the analytical reasons behind
these numerical results. A promising attempt on analyt-
ical approach of the conformal bootstrap is initiated in
[32]. We expect this question can be partially clarified
by analyzing the special roles of these lowest spectra and
the gaps in relevant sectors in constructing the analytical
extremal function of the crossing equation.
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